Let / be a real function defined in Rn. In this note we give a sufficient condition in order that the set of points where the partial derivative df/dXj exists is Lebesgue measurable and df/dx¡ is a measurable function on this set. This result unifies and extends a number of previous results.
2. We start with Definition 1. Let g be a real function defined on an open interval I of the real line. If t0 E I we set L+g(t0) = lim sup git), L~git0) = lim sup git), , .
'->i0+0 t->t0-o l+git0) « lim inf git), rgitQ) = lim inf git).
f->t0+O <->'o-°W e shall say that g satisfies the (SM) condition at t0 if, (2) min iL+git0),L-git0)) < g(í0) < max il+g(t0),rgit0)).
Note that if g is monotone in a neighborhood of t0 or if g is right (or left) continuous at t0, then g satisfies the (SM) condition at t0. However, the (SM) condition does not imply either of the preceding two. The following is our main result. Let t be a line parallel to the x, axis such that f\TnJ satisfies the (SM) condition everywhere in t n J. We shall show that (5) 0,{/) n r d ß;(/) n t.
Let x be a point of fi;(/) n t and let {hm}x be a sequence converging to zero such that hm # 0 for all m. Applying the (SM) condition at each of the points x + hme' im = 1,2,... ) one can choose two sequences of rational numbers {rm} and {r'm} such that Since {/im} was an arbitrary sequence in /\\{0}, converging to zero, we deduce that (3//3x()(x) exists. This proves (5). In view of our assumptions, (4) and (5) imply the conclusion of the theorem. Remark. It is clear from the proof that the conclusion of the theorem remains valid if we merely require that the (SM) condition holds at all but a finite number of points on t n J for almost all lines t parallel to the x¡ axis. However, if "finite" is replaced by "countable" the conclusion of the theorem may fail. This is shown by a counterexample given in [2, §7] .
Clearly, results I and II follow immediately from Theorem 1. To prove III one may argue as follows. Let/be a function as in III and set h(x) = lim f(x + m~V).
m-»oo
Then h is measurable in J. If t is a line parallel to the xt axis such that/|Tny is of bounded variation, then h\TnJ = f\Tnj a.e. (with respect to linear Lebesgue measure) and h\TriJ is everywhere right continuous. Hence, h = f a.e. in J and h\TnJ satisfies the (SM) condition everywhere in t n J for almost all lines t parallel to the x¡ axis. Thus Theorem 1 implies III.
